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SRB MEASURES AND PESIN’S ENTROPY FORMULA
FOR ENDOMORPHISMS

MIN QIAN AND SHU ZHU

Abstract. We present a formulation of the SRB (Sinai-Ruelle-Bowen) prop-
erty for invariant measures of C2 endomorphisms (maybe non-invertible and
with singularities) of a compact manifold via their inverse limit spaces, and
prove that this property is necessary and sufficient for Pesin’s entropy formula.
This result is a non-invertible endomorphisms version of a result of Ledrappier,
Strelcyn and Young.

Introduction

Pesin’s entropy formula relates two important concepts, Lyapunov exponents
and measure-theoretic entropy, and it plays an important role in the smooth er-
godic theory of dynamical systems. There are extensive results concerning Pesin’s
entropy formula in both deterministic dynamical systems and random dynamical
systems of diffeomorphisms. In [11], Pesin showed that if an invariant measure of
a C2 diffeomorphism of a compact manifold is absolutely continuous with respect
to the Lebesgue measure of the manifold, then it satisfies Pesin’s identity. (See
[9] for an alternative proof.) Then it was conjectured by Ruelle, and proved by
Ledrappier, Strelcyn and Young in [4] and [5], that an invariant measure of a C2

diffeomorphism satisfies Pesin’s entropy formula if and only if it has absolutely con-
tinuous conditional measures on unstable manifolds. The latter property is known
as the SRB property of the corresponding invariant measure of the diffeomorphism.
The above results were successfully generalized to random dynamical systems of
diffeomorphisms [6, 8, 1]. In the literature, there are also considerable results
concerning non-invertible systems, such as for expanding maps [2, 10], Axiom A
endomorphisms [13], and smooth measures of C2 endomorphisms [7, 17]—Pesin’s
entropy formula also hold. However, the necessary and sufficient condition for
Pesin’s entropy formula in the case of endomorphisms is still lacking.

For an invariant measure of a diffeomorphism, the SRB property is understood as
that it induces absolutely continuous conditional measures on unstable manifolds.
In general this definition cannot be used for endomorphisms, since each unstable
manifold usually depends on the whole orbit and no foliation structure is available
for unstable manifolds. In this paper, we present a formulation of the SRB property
for invariant measures of C2 endomorphisms of a compact smooth manifold via their
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inverse limit spaces, and then prove that this property is necessary and sufficient
for Pesin’s entropy formula. This is a non-invertible version of the main result of
Ledrappier, Strelcyn and Young [4, 5]. An interesting consequence of the main
theorem is that an invariant measure of a C2 endomorphism has this SRB property
if it is absolutely continuous with respect to the Lebesgue measure of the manifold.
Invariant measures having this SRB property also exist on Axiom A attractors of
C2 endomorphisms.

As compared with the case of diffeomorphisms, three main difficulties arise while
dealing with endomorphisms. The first is the formulation of the SRB property. The
second comes from singularities. However, a natural integrability condition (Condi-
tion (1.6)) will enable us to eliminate this difficulty easily. The final difficulty arises
from the non-invertibility. To overcome this deficiency, the inverse limit space has
to be introduced. At first impression, the deterministic non-invertible dynamical
system is quite different from random diffeomorphisms. However, one will see from
this paper that when the inverse limit space is introduced, the non-invertible case
is very close to the case of random diffeomorphisms, for which a systematic treat-
ment is now available in [8]. Therefore, with some necessary modifications, many
ideas and techniques used in [8] can be applied to our present study. This is the
first example showing that a deterministic problem can be successfully solved by
employing techniques developed for random dynamical systems.

The paper is organized as follows. In Section 1 we present our formulation of the
SRB property and state the main result of the paper. In Section 2, we give some
preliminary results. Section 3 consists of some technical preparations for the proof
of Theorem 1.1. The proof of the sufficientcy part of the theorem will be completed
in Section 4, and we present the key points for the proof of necessity in Section 5.

1. Formulation and Main Result

Throughout this paper, M will always be a C∞, m0-dimensional and compact
Riemannian manifold without boundary. Let f : M → M be a C2 map. The
inverse limit space of f , written Mf , is a closed subset of MZ (endowed with the
product topology and the metric d(x̃, ỹ) =

∑+∞
i=−∞ 2−|i|d(xi, yi) for x̃ = {xi}i∈Z,

ỹ = {yi}i∈Z ∈MZ) consisting of all full orbits of f , i.e.,

Mf =
{
x̃ = {xi}i∈Z

∣∣∣ xi ∈M, f(xi) = xi+1, ∀i ∈ Z
}
.

Let π be the natural projection from Mf to M , i.e.,

π(x̃) = x0, ∀x̃ ∈Mf ,

and let τ : Mf →Mf denote the left shift homeomorphism. Clearly, π ◦ τ = f ◦ π.
In what follows we always assume that µ is an f -invariant Borel probability

measure. According to Rokhlin [14], there is a unique τ -invariant Borel probability
measure µ̃ on Mf which is projected to µ by π. Let

+∞ > λ(1)(x) > λ(2)(x) > · · · > λ(s(x))(x) ≥ −∞

be the Lyapunov exponents of f at x and let mi(x) be the multiplicity of λ(i)(x).
Let x̃ ∈Mf and let Wu

loc(x̃) be a k(x̃)-dimensional C1,1 embedded submanifold
of M , where k(x̃) =

∑
λ(i)(x0)>0mi(x0). We call Wu

loc(x̃) a local unstable manifold
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of f at x̃ if there are numbers λ > 0, 0 < ε < λ/200, 0 < C1 ≤ 1 ≤ C2, and for
each y0 ∈ Wu

loc(x̃) there exists a unique ỹ = {yn}n∈Z ∈Mf such that πỹ = y0,

d(y−n, x−n) ≤ C1e
−nε, ∀n ∈ N,(1.1)

and

d(y−n, x−n) ≤ C2e
−nλ, ∀n ∈ N.(1.2)

We will write

W̃u
loc(x̃) =

{
ỹ ∈Mf

∣∣∣ y0 ∈Wu
loc(x̃), ỹ satisfies (1.1) and (1.2)

}
.(1.3)

The global unstable manifold of f at x̃ is defined as

Wu(x̃) =
{
y0 ∈M

∣∣∣ ∃ỹ ∈Mf with πỹ = y0 and lim
n→+∞

1
n

log d(x−n, y−n) < 0
}(1.4)

and we will write

W̃u(x̃) =
{
ỹ ∈Mf

∣∣∣ lim
n→+∞

1
n

log d(x−n, y−n) < 0
}
.(1.5)

We will always assume moreover that the system f : (M,µ)→ (M,µ) satisfies the
integrability condition

log | detTxf | ∈ L1(M,µ).(1.6)

Then it can be shown that for µ̃-a.e. x̃ ∈ Mf , if λ(1)(x0) > 0, then the local
unstable manifold Wu

loc(x̃) exists and there exists a sequence of C1,1 embedded
k(x̃)-dimensional discs

{
W−n(x̃)

}+∞
n=0

in M such that fW−n(x̃) ⊃W−n+1(x̃) for all
n ≥ 1,

Wu(x̃) =
+∞⋃
n=0

fnW−n(x̃)

and, if λ(i)(x0) ≤ 0 for all 1 ≤ i ≤ s(x0), then

Wu(x̃) = {x0}.
See [19] for a detailed treatment of this topic.

Definition 1.1. A measurable partition η of Mf is said to be subordinate to Wu-
manifolds of (f, µ) if for µ̃-a.e. x̃, η(x̃) has the following properties:

(1) π|η(x̃) : η(x̃)→ π(η(x̃)) is bijective.
(2) There exists a k(x̃)-dimensional C1,1 embedded submanifold Wx̃ of M such

that Wx̃ ⊂Wu(x̃),

π(η(x̃)) ⊂Wx̃

and π(η(x̃)) contains an open neighborhood of x0 in Wx̃, this neighborhood
being taken in the topology of Wx̃ as a submanifold (or a subset) of M .

In Section 3, we will show that there are always measurable partitions subordi-
nate to Wu-manifolds of (f, µ).

We are now prepared to give the definition of the SRB property for f -invariant
Borel probability measures. We first give a somewhat intuitive description of this
property. Let f : (M,µ) → (M,µ) be as given above. Let Ṽ be a Borel subset of
Mf with µ̃(Ṽ ) > 0. Suppose that Ṽ is the disjoint union of a continuous family
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of W̃u-discs of the type of W̃u
loc(x̃) as introduced by (1.3). For x̃ ∈ Ṽ , let Ṽx̃

denote the W̃u-disc in Ṽ containing x̃, and µ̃x̃ the conditional probability measure
of µ̃ on Ṽx̃. We say that µ has the SRB property if for every Ṽ as given above
one has π(µ̃x̃) � λux̃ for µ̃-a.e. x̃ ∈ Ṽ , where π(µ̃x̃) is the projection of µ̃x̃ under
π|Ṽx̃ : Ṽx̃ → Wu

loc(x̃) and λux̃ is the Lebesgue measure on Wu
loc(x̃) induced by its

inherited Riemannian structure as a submanifold of M .
Now we give a precise definition of the SRB property.

Definition 1.2. We say that the f -invariant measure µ has the SRB property, if
for every measurable partition η of Mf subordinate to Wu-manifolds of (f, µ) we
have, for µ̃-a.e. x̃ ∈Mf ,

π(µ̃ηx̃) << λux̃,

where {µ̃ηx̃}x̃∈Mf is a canonical system of conditional measures of µ̃ associated
with η, π(µ̃ηx̃) is the projection of µ̃ηx̃ under π|η(x̃) and λux̃ denotes the Lebesgue
measure on Wx̃ induced by its inherited Riemannian structure as a submanifold of
M (λux̃ = δx0 if Wu(x̃) = {x0}).
Remark 1.1. The definition of the SRB property of µ is clearly independent of the
choice of the submanifolds Wx̃, x̃ ∈Mf .

The main result of this paper is the following theorem.

Theorem 1.1. Let f be a C2 endomorphism on M with an f -invariant Borel
probability measure µ satisfying the integrability condition (1.6). Then the entropy
formula

hµ(f) =
∫
M

∑
i

λ(i)(x)+mi(x) dµ(x)(1.7)

holds if and only if µ has the SRB property.

Let f : M →M be as given above and let µ be an f -invariant Borel probability
measure. It is proved by Thieullen [17] and Liu [7] that, if µ is absolutely continuous
with respect to the Lebesgue measure on M , then the integrability condition (1.6)
and entropy formula (1.7) hold. Then, as a consequence of Theorem 1.1, we have
the following corollary.

Corollary 1.1.1. Let f be a C2 endomorphism on M with an invariant Borel
probability measure µ. If µ is absolutely continuous with respect to the Lebesgue
measure on M , then µ has the SRB property.

Remark 1.2. In the diffeomorphism case, this corollary follows from the absolute
continuity of the unstable foliation. But in the endomorphism case, it seems at
least very difficult to prove the corollary along this line.

As a corollary of Theorem A of [13] and our Theorem 1.1, invariant measures
of Axiom A attractors of C2 endomorphisms also have the SRB property. We
now state this result in a more detailed way. Let O ⊂ M be an open set and let
f ∈ C2(O,M). Assume that Λ ⊂ O is closed and f -invariant (i.e., fΛ = Λ). Define

Λf =
{
x̃ = {xi}i∈Z

∣∣∣ xi ∈ Λ, f(xi) = xi+1, ∀i ∈ Z
}

and let E = π∗TΛM be the pull-back bundle of the tangent bundle TΛM via the
natural projection π : Λf → Λ. Λ is called hyperbolic if there is a Tf -invariant
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Whitney splitting E = Es ⊕ Eu such that Tf |Es is contracting and Tf |Eu is
expanding (see [13] for a detailed definition). A hyperbolic set Λ is called an Axiom
A attractor if (1) the periodic set of f is dense in Λ, (2) {f i(x0)}+∞i=0 is dense in Λ
for some x0 ∈ Λ, and (3) there exists an arbitrarily small open neighborhood U of
Λ such that fU ⊂ U and

⋂+∞
n=0 f

nU = Λ. For x̃ ∈ Λf , define{
ỹ = {yn}n∈Z

∣∣∣ yn ∈ O, fyn = yn+1, lim
n→+∞

1
n

log d(x−n, y−n) < 0
}
.

From the definition it follows easily that, if Λ is an Axiom A attractor of f , then

W̃u(x̃) ⊂ Λf

and

Wu(x̃) := πW̃u(x̃) ⊂ Λ

for all x̃ ∈ Λf . Hence an Axiom A attractor is the union of a family of unstable
manifolds. The following result follows directly from Theorem A of [13] and our
Theorem 1.1.

Corollary 1.1.2. Let Λ be an Axiom A attractor of f ∈ C2(O,M) and assume
that Txf is nondegenerate for every x ∈ Λ. Then there exists a unique f -invariant
Borel probability measure µ on Λ which is characterized by each of the following
properties:

(1) µ has the SRB property.
(2) The system f : (Λ, µ)→ (M,µ) satisfies the entropy formula (1.7).
(3) When ε > 0 is small enough, 1

n

∑n−1
k=0 δfkx converges to µ as n → +∞ for

Lebesque almost every x ∈ Bε(Λ) :=
{
y ∈M

∣∣ d(y,Λ) < ε
}

.

2. Preliminaries

In this section, we present some preliminary results which will be useful in the
subsequent sections. Instead of giving the detailed proofs of these results, we will
point out the relevent references. Readers familiar with [8] will see later on that,
once these results are introduced, many arguments for the proof of Theorem 1.1
will be close to those in the case of random diffeomorphisms ([8, Chapter VI]) and
hence the presentation can be simplified.

Throughout what follows, we will always assume that f is a C2 endomorphism
on M and µ is an f -invariant Borel probability measure satisfying Condition (1.6).
Let µ̃ be the τ -invariant Borel probability measure on Mf corresponding to µ.

It is easy to see that there is a Borel set Λ such that fΛ ⊂ Λ and for every x ∈ Λ,
Txf is nondegenerate and λs(x)(x) > −∞, where λs(x) is the smallest Lyapunov
exponent of f at x. It is also clear that condition (1.6) implies µ(Λ) = 1. Put

Λf =
{
x̃ ∈Mf

∣∣∣ xi ∈ Λ, ∀i ∈ Z
}
,

which obviously satisfies τ(Λf ) = Λf and µ̃(Λf ) = 1.
Let E = π∗TM be the pull-back bundle of the tangent bundle TM via the

projection π : Mf → M . If we define A(x̃) = Tx0f for x̃ ∈ Λf , then from (1.6) it
follows that ∫

Λf
[log+ |A(x̃)|+ log+ |A(x̃)−1|] dµ̃(x̃) < +∞.
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Applying the Oseledec multiplicative ergodic theorem presented in Appendix 2 of
[3] to the obvious lifting to E of Tf : TΛM → TΛM , one easily obtains the following
fundamental result.

Proposition 2.1. There exists a Borel set 4̃ ⊂ Λf such that τ4̃ = 4̃ and µ̃(4̃) =
1. Futrthermore, for every x̃ ∈ 4̃ there exist a measurable (in x̃) splitting of the
tangent space Tx0M

Tx0M = E(1)(x̃)⊕ E(2)(x̃)⊕ · · · ⊕E(s(x̃))(x̃)

and measurable (in x̃) numbers

+∞ > λ(1)(x̃) > λ(2)(x̃) > · · · > λ(s(x̃))(x̃) > −∞
such that:

(1) Define, for m ∈ Z,

Tm(x̃) =

 Tx0f
m, if m > 0,

id, if m = 0,
(Txmf−m)−1, if m < 0.

Then,

lim
m→±∞

1
m

log |Tm(x̃)ξ| = λ(i)(x̃)

for all 0 6= ξ ∈ E(i)(x̃), 1 ≤ i ≤ s(x̃).
(2) s(x̃) and λ(i)(x̃) are τ-invariant, i.e., s(τx̃) = s(x̃) and λ(i)(τx̃) = λ(i)(x̃),

i = 1, . . . , s(x̃). E(i)(x̃) is Tf -invariant, i.e., Tx0fE
(i)(x̃) = E(i)(τx̃) for

each 1 ≤ i ≤ s(x̃). Moreover, s(x̃) = s(x0), λ(i)(x̃) = λ(i)(x0) and m(i)(x̃) :=
dimE(i)(x̃) = mi(x0) for all 1 ≤ i ≤ s(x̃), where s(x0), λ(i)(x0) and mi(x0)
are as introduced in the previous section.

(3) We introduce

ρ(1)(x̃) ≥ ρ(2)(x̃) ≥ · · · ≥ ρ(m0)(x̃)

to denote λ(1)(x̃), . . . , λ(1)(x̃), . . . , λ(i)(x̃), . . . , λ(i)(x̃), . . . , λ(s(x̃))(x̃),
. . . , λ(s(x̃))(x̃), with λ(i)(x̃) being repeated m(i)(x̃) times. Now if {ξ1, . . . ,
ξm0} is a basis of Tx0M satisfying

lim
m→±∞

1
m

log |Tm(x̃)ξi| = ρ(i)(x̃) for every 1 ≤ i ≤ m0,

then for any two non-empty disjoint subsets P,Q ⊂ {1, · · · , m0} we have

lim
m→±∞

1
m

log γ(Tm(x̃)EP , Tm(x̃)EQ) = 0,

where EP and EQ denote respectively the subspaces of Tx0M spanned by the
vectors {ξi}i∈P and {ξj}j∈Q, and γ(·, ·) denotes the angle between the two
associated subspaces.

The following proposition (a proof can be found in [19]) is very useful for dealing
with unstable manifolds of f and for constructing Lyapunov charts as done in [8,
Section VI.3]. For x ∈M and r > 0, we define TxM(r) =

{
ξ ∈ TxM

∣∣ |ξ| < r
}

.

Proposition 2.2. There exists a Borel set 40 ⊂ 4̃ with µ(40) = 1 and τ40 = 40

such that for any given ε > 0 one can define a measurable function r̃ : 40 →
[1,+∞) with the following properties.
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(1) For any x̃ ∈ 40 there exists an open neighborhood of the zero vector Vx−1 in
Tx−1M such that the map

Hx−1 := exp−1
x0
◦f ◦ expx−1

: Vx−1 → Tx0M(r̃(x̃)−1)

is a diffeomorphism and the inverse map

Gx̃ := H−1
x−1

: Tx0M(r̃(x̃)−1)→ Vx−1

satisfies

Lip(T.Gx̃) ≤ r̃(x̃),

where T.Gx̃ : ξ 7→ TξGx̃, ξ ∈ Tx0M(r̃(x̃)−1).
(2) r̃(τ−nx̃) ≤ r̃(x̃)eεn, n ∈ Z+, x̃ ∈ 40.

We may assume that every point x̃ ∈ 40 is regular in the sense of Proposition
2.1. For x̃ ∈ 40, put

Eu(x̃) =
⊕

λ(i)(x̃)>0

E(i)(x̃), Esc(x̃) =
⊕

λ(i)(x̃)≤0

E(i)(x̃)

and

4′0 =
{
x̃ ∈ 40

∣∣ λ(i)(x̃) > 0 for some 1 ≤ i ≤ s(x̃)
}
.

The following proposition is a very useful result concerning local and global
unstable manifolds of f (see [19] for a proof).

Proposition 2.3. There are a countable number of compact subsets 4i, i ∈ N, of
Mf with

⋃
i∈N4i ⊂ 4′0 and µ̃(4′0\

⋃
i∈N4i) = 0 such that:

(1) For each 4i, dimEu(x̃) = const., written ki, for all x̃ ∈ Λi; Eu(x̃) and
Esc(x̃) depend continuously on x̃ ∈ Λi.

(2) For any 4i, there is a continuous family of C1,1 embedded ki-dimensional
discs

{
Wu

loc(x̃)
}
x̃∈4i

in M together with positive numbers λi, εi < λi/200,

ri < 1, γi, αi and βi such that the following hold for each x̃ ∈ 4i:
(i) There is a C1,1 map

hx̃ : Ox̃ → Esc(x̃),

where Ox̃ is an open subset of Eu(x̃) which contains
{
ξ ∈ Eu(x̃)

∣∣ |ξ| <
αi
}

, satisfying
(a) hx̃(0) = 0, T0hx̃ = 0;
(b) Lip(hx̃) ≤ βi, Lip(T·hx̃) ≤ βi, where T·hx̃ : ξ 7→ Tξhx̃;
(c) Wu

loc(x̃) = expx0
Graph(hx̃) ⊂ B(x0, r̃(x̃)−1).

(ii) For any y0 ∈Wu
loc(x̃) there exists a unique ỹ ∈Mf such that πỹ = y0,

d(y−n, x−n) ≤ rie−εin, ∀n ∈ N,
and

d(y−n, x−n) ≤ γie−λin, ∀n ∈ N.
(iii) There is a sequence {W−n(x̃)}+∞n=0 of C1,1 embedded ki-dimensional discs

in M such that W0(x̃) = Wu
loc(x̃), fW−n(x̃) ⊃ W−n+1(x̃) for all n ≥ 1

and

Wu(x̃) =
+∞⋃
n=0

fnW−n(x̃),
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where Wu(x̃) is defined by (1.4). Moreover,

W̃u(x̃) =
{
ỹ ∈Mf

∣∣∣ lim
n→+∞

1
n

log d(y−n, x−n) ≤ −λ(p)(x̃)
}
,

where λ(p)(x̃) is the smallest strictly positive Lyapumov exponent of f
at x̃ and W̃u(x̃) is defined by (1.5).

(iv) Let W̃u
loc(x̃) denote the set of points ỹ as introduced in (ii) above. Then

for any ỹ, z̃ ∈ W̃u
loc(x̃), one has y−n, z−n ∈W−n(x̃) and

du(y−n, z−n) ≤ γie−λin

for all n ∈ Z+, where du( , ) is the distance along W−n(x̃), n ∈ Z+.
(v) For any ỹ ∈ W̃u(x̃),

lim
n→+∞

1
n

log du(y−n, x−n) ≤ −λ(p)(x̃),

where du(y−n, x−n) is the distance between y−n and x−n along W−n(x̃)
if y−n ∈ W−n(x̃), and du(y−n, x−n) = 1 if y−n 6∈ W−n(x̃).

From the conclusion of Proposition 2.3 one can easily see that the local unstable
manifolds Wu

loc(x̃) have some additional properties, which we summarize in the next
proposition. Let ρ0 > 0 be a positive real number such that the exponential map
expx : TxM(ρ0)→ B(x, ρ0) := {y ∈ M | d(y, x) < ρ0} is a C∞ diffeomorphism for
every x ∈M .

Proposition 2.4. Let 4i,
{
Wu
loc(x̃)

}
x̃∈4i

and
{
W̃u
loc(x̃)

}
x̃∈4i

, i ∈ N, be as in-
troduced in Proposition 2.3. Then for any 4i there exist numbers ri ∈ (0, ρ0/4),
εi ∈ (0, 1) and Ri > 0 such that the following statements hold.

(1) For any r ∈ [ri/2, ri] and each x̃ ∈ 4i, if x̃′ ∈ B̃4i(x̃, εir) :=
{
ỹ ∈ 4i

∣∣
d(x̃, ỹ) < εir

}
, then Wu

loc(x̃
′) ∩B(x0, r) is connected and the map

x̃′ 7→Wu
loc(x̃

′) ∩B(x0, r)

is continuous from B̃4i(x̃, εir) to the space of subsets of B(x0, r) (endowed
with the Hausdorff topology);

(2) Let r ∈ [ri/2, ri] and x̃ ∈ Λi. If x̃′ and x̃′′ ∈ B̃Λi(x̃, εir), then either

Wu
loc(x̃

′) ∩B(x0, r) = Wu
loc(x̃

′′) ∩B(x0, r)

or the two terms in the above equation are disjoint. In the latter case, if it
is assumed moreover that x̃′′ ∈ W̃u(x̃′), then

du(y0, z0) > 2ri

for any y0 ∈ Wu
loc(x̃

′) ∩ B(x0, r) and any z0 ∈ Wu
loc(x̃

′′) ∩ B(x0, r), where
du(·, ·) is the distance along Wu(x̃), i.e., du(y0, z0) is the distance between
y0 and z0 along Wu

loc(x̃′) if y0, z0 ∈ Wu
loc(x̃

′), and otherwise du(y0, z0) = 1.
(3) For each x̃ ∈ 4i, if x̃′ ∈ B̃4i(x̃, εir) and y0 ∈ Wu

loc(x̃
′) ∩ B(x0, r), then

Wu
loc(x̃

′) contains the closed ball of center y0 and du radius Ri in Wu(x̃′).
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3. Technical Preparations

We now prepare to use the local unstable sets W̃u
loc(x̃) of f in Mf to construct

a suitable measurable partition of Mf subordinate to Wu-manifolds of f . Notice
that the partition of Mf into global unstable sets {W̃u(x̃)}x̃∈Mf is in general not
measurable, but we may consider the σ-algebra consisting of measurable subsets of
Mf which are unions of some global unstable sets, i.e., the σ-algebra

Bu =
{
B ∈ Bµ̃(Mf )

∣∣∣ x̃ ∈ B implies W̃u(x̃) ⊂ B
}
,(3.1)

where Bµ̃(Mf ) is the completion of B(Mf) with respect to µ̃. In addition, put

BI =
{
A ∈ Bµ̃(Mf )

∣∣∣ τ−1A = A
}
.(3.2)

We have BI ⊂ Bu, µ̃-mod 0.
In general, we have the following useful fact.

Lemma 3.1. Let (X, d) be a compact metric space, and T a homeomorphism with
an invariant probability measure µ. Let

BI(X,T, µ) =
{
A ∈ Bµ(X)

∣∣∣ T−1A = A
}

and

Bu(X,T, µ) =
{
B ∈ Bµ(X)

∣∣∣ x ∈ B implies Wu(x) ⊂ B
}
,

where

Wu(x) =
{
y ∈ X

∣∣∣ lim
n→+∞

d(T−ny, T−nx) = 0
}
.

Then BI(X,T, µ) ⊂ Bu(X,T, µ), µ-mod 0.

Proof. For simplicity, write Bu(X) = Bu(X,T, µ) and BI(X) = BI(X,T, µ).
Since X is a compact metric space, there exists a countable set F ⊂ C(X) which

is dense in L2(X,Bµ(X), µ). For any g ∈ F , according to the Birkhoff ergodic
theorem and the general properties of conditional expectations, one has

lim
n→+∞

1
n

n−1∑
k=0

g(T−kx) = Eµ
[
g
∣∣BI(X)

]
(x)(3.3)

for every point x of a set Λg ∈ BI(X) with µ(Λg) = 1. Denote ΛF =
⋂
g∈F Λg.

Since F is countable, we have µ(ΛF ) = 1. If two points y, z ∈ ΛF belong to the
same unstable set, i.e. there exists x such that y, z ∈ Wu(x), then by (3.3) we
have, for each g ∈ F ,

Eµ
[
g
∣∣BI(X)

]
(y) = Eµ

[
g
∣∣BI(X)

]
(z),

since d(T−ny, T−nz) → 0 as n → +∞. Therefore, each Eµ
[
g
∣∣BI(X)

]∣∣
ΛF

(the
restriction of Eµ

[
g
∣∣BI(X)

]
to ΛF) is measurable with respect to Bu(X)|ΛF , and

hence {
Eµ
[
g
∣∣BI(X)

]∣∣
ΛF

∣∣∣ g ∈ F} ⊂ L2
(
ΛF ,Bu(X)|ΛF , µ

)
.(3.4)

Since F is a dense subset of L2(X,Bµ(X), µ),
{
Eµ
[
g
∣∣BI(X)

] ∣∣ g ∈ F} is dense in
L2
(
X,BI(X), µ

)
. Then from (3.4) it follows that

L2
(
ΛF ,BI(X)|ΛF , µ

)
⊂ L2

(
ΛF ,Bu(X)|ΛF , µ

)
,
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which implies

BI(X,T, µ) ⊂ Bu(X,T, µ), µ-mod 0,

as µ(ΛF) = 1.

As a consequence of Lemma 3.1, we have the following fact, which plays a crucial
role in this section and even in the whole proof of Theorem 1.1.

Corollary 3.1.1. BI ⊂ Bu, µ̃-mod 0.

A measurable partition η of Mf is said to be increasing if τ−1η ≥ η. In what
follows, we prove that there exists an increasing partition with a refinement subor-
dinate to Wu-manifolds of f and other good properties. Such partitions are very
useful in our proof of the main theorem.

The main result of this section is the following proposition.

Proposition 3.2. There exists a measurable partition η of Mf which has the fol-
lowing properties:

(1) τ−1η ≥ η.
(2)

∨+∞
n=0 τ

−nη is equal to the partition into single points.
(3) B

(∧+∞
n=0 τ

nη
)

= Bu, µ̃-mod 0, where B(ξ) is the σ-algebra consisting of all
measurable ξ-sets for a measurable partition ξ of Mf .

(4) There exists a measurable partition η′ ≥ η such that η′ is subordinate to
Wu-manifolds of f .

Proof. We prove the proposition by constructing such a partition.
Let ∆i ∈

{
∆i

∣∣ i ∈ N} be fixed arbitrarily. Since ∆i is compact, the open cover{
B̃∆i(x̃, εiri/2)

}
x̃∈∆i

of ∆i has a finite subcover, denoted by U∆i . Pick arbitrarily

a set B̃∆i(x̃∗, εiri/2) from U∆i . For each r ∈ [ri/2, ri] put

Sr =
⋃

x̃∈B̃∆i (x̃
∗,εir)

{
ỹ ∈ W̃u

loc(x̃)
∣∣∣ y0 ∈ B(x∗0 , r)

}
,(3.5)

and assume that µ̃(Sr) > 0.
Let ξr denote the partition of Mf into all the sets

{
ỹ ∈ Mf

∣∣ y0 ∈ Wu
loc(x̃) ∩

B(x∗0, r)
}

, x̃ ∈ B̃∆i(x̃∗, εir) and the set Mf\Sr. From Proposition 2.4, it is easy to
see that ξr is a measurable partition of Mf . Define

ηr =
+∞∨
n=0

τnξr, Ŝr =
+∞⋃
n=0

τnSr.

We claim that there exists r ∈ [ri/2, ri] such that ηr has the following properties:
(a) τ−1ηr ≥ ηr.
(b) For µ̃-a.e. ỹ ∈ Ŝr, ηr(ỹ) ⊂ W̃u(x̃) and π

(
ηr(ỹ)

)
contains an open neighborhood

of y0 in Wu
loc(ỹ).

In fact, ηr satisfies (a)–(b) for Lebesgue almost every r ∈ [ri/2, ri]. We now prove
this fact in several steps.

Step 1. From the definition of ηr it follows clearly that ηr satisfies (a) for each
r ∈ [ri/2, ri].
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Step 2. Let r ∈ [ri/2, ri]. It is clear that for any ỹ ∈ Ŝr one has ηr(ỹ) ⊂ W̃u(ỹ),
since

ηr(ỹ) ⊂ τnW̃u
loc(τ

−nx̃)(3.6)

for some n ≥ 0 and some τ−nx̃ ∈ B̃∆i(x̃∗, εir).

On the other hand, we first claim that there exists a function βr : Sr → R+ such
that for any ỹ ∈ Sr, z0 ∈ Wu(ỹ) and du(y0, z0) ≤ βr(ỹ) there is z̃ ∈ ηr(ỹ) with
πz̃ = z0. Indeed, for ỹ ∈ Sr define

βr(ỹ) = inf
n≥0

{
Ri,

1
2γi

d(y−n, ∂B(x∗0, r))e
nλi ,

r

γi

}
.

From the definition of Sr, there is x̃ ∈ B̃∆i(x̃∗, εir) such that ỹ ∈ W̃u
loc(x̃). Since

du(y0, z0) ≤ Ri, by (3) of Proposition 2.4, there is z̃ ∈ W̃u
loc(x̃) with πz̃ = z0, and

hence for all n ≥ 0

du(y−n, z−n) ≤ γie−nλidu(y0, z0) ≤ 1
2
d
(
y−n, ∂B(x∗0, r)

)
and

du(y−n, z−n) ≤ γie−nλi ·
r

γi
≤ r.

These together with (2) of Proposition 2.4 and the definition of ξr easily imply that
for all n ≥ 0

τ−nz̃ ∈ ξr(τ−nỹ),

which proves what we claimed just above.
We next claim that βr > 0 µ̃-a.e. on Sr for Lebesgue almost every r ∈ [ri/2, ri].

In fact, let ν be the finite non-negative Borel measure on [ri/2, ri] defined by

ν(A) = µ
({
x ∈M

∣∣ d(x, x∗0) ∈ A
})

for each Borel subset A of [ri/2, ri]. According to [8, Lemma IV.2.1], Lebesgue
almost every r ∈ [ri/2, ri] satisfies

+∞∑
n=0

µ
({
x ∈M

∣∣∣ |d(x, x∗0)− r| < e−nλi
})

< +∞.(3.7)

Let K0 =
{
r ∈ [ri/2, ri]

∣∣ r satisfies (3.7) and µ(∂B(x∗0, r)) = 0
}

. Clearly |K0| =
ri/2. Let r ∈ K0. By standard facts on Riemannian metrics, we have a constant
D > 0 such that the inequality

d
(
x, ∂B(x∗0, ρ)

)
< τ

implies

|d(x, x∗0)− ρ| < Dτ

for ρ and τ satisfying 0 < τ < ρ ≤ ri. Thus from (3.7) we obtain

+∞∑
n=0

µ
({
x ∈M

∣∣ d(x, ∂B(x∗0 , r)) < D−1e−nλi
})

< +∞.
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In other words,
+∞∑
n=0

µ̃
({
x̃ ∈Mf

∣∣ d(x0, ∂B(x∗0, r)) < D−1e−nλi
})

< +∞.

This together with the τ -invariance of µ̃ yields that
+∞∑
n=0

µ̃
({
ỹ ∈Mf

∣∣ d(y−n, ∂B(x∗0, r)) < D−1e−nλi
})

< +∞.

Then, by the Borel-Cantelli lemma, we know that µ̃-a.e. ỹ ∈Mf satisfies

d
(
y−n, ∂B(x∗0, r)

)
≥ D−1e−nλi

when n is sufficiently large. Therefore, βr(ỹ) > 0 for µ̃-a.e. ỹ ∈ Sr. The second
claim is then proved.

Let r ∈ K0. The two claims above together imply that for µ̃-a.e. ỹ ∈ Sr,
π
(
ηr(ỹ)

)
contains an open neighborhood of y0 in Wu

loc(ỹ). Furthermore, for every
n ≥ 0 we have

ηr
∣∣
τnSr

=
[(n−1∨

k=0

τkξr

)
∨ τnηr

]∣∣∣
τnSr

=
(n−1∨
k=0

τkξr

)∣∣∣
τnSr

∨ τn
(
ηr
∣∣
Sr

)
.(3.8)

Since µ(∂B(x∗0, r)) = 0 implies µ̃
({
ỹ ∈ Mf

∣∣ y−l ∈ ∂B(x∗0, r) for some l ≥ 0
})

= 0, from (3.8) it is easy to see that for µ̃-a.e. ỹ ∈ τnSr, ηr(ỹ) contains an open
neighborhood of y0 in Wu

loc(ỹ). Thus ηr satisfies the requirements in (b).
Put Ir =

⋂+∞
k=0 τ

kŜr. Obviously τ−1Ir = Ir. By Corollary 3.1.1 we may assume
that Ir ∈ Bu, since otherwise there is I ′r ∈ Bu with τ−1I ′r = I ′r and µ̃(Ir4I ′r) = 0,
and we may verify that ηr restricted to Ir, written ηIr , satisfies the requirements
(2) and (3).

Put η−r =
∨+∞
n=0 τ

−nηIr . Since τ : (Mf , µ̃) → (Mf , µ̃) restricted to Ir is also
measure-preserving, by Poincaré’s recurrence theorem, for µ̃-a.e. ỹ ∈ Ŝr there
exist infinitely many positive integers

{
nj
∣∣ j = 1, 2, · · ·

}
such that τnj ỹ ∈ Sr for

all j ≥ 1. Then, letting di be the maximum du-diamter of the embedded discs
introduced in Proposition 2.3 (2), we have that the du-diameter of π

(
η−r (ỹ)

)
is less

than γidie
−λinj for all j ≥ 1 and hence is equal to 0. This proves that η−r is equal

to the partition of Ir into single points.
In order to prove that B

(∧+∞
n=0 τ

nηIr
)
⊂ Bu|Ir , µ̃-mod 0, it suffices to ensure that

for µ̃-a.e. ỹ ∈ Ir, if z̃ ∈ W̃u(ỹ), then there exists k > 0 such that τ−k z̃ ∈ ηIr (τ−kỹ).
In fact, for µ̃-a.e. ỹ ∈ Ir, we first have

lim
n→+∞

1
n

log du(y−n, z−n) ≤ −λi < 0

if z̃ ∈ W̃u(ỹ). Now define αr : Ir → R+ by

αr(ỹ) =
{
βr(ỹ), if ỹ ∈ Sr;
0, otherwise.

According to Birkhoff’s ergodic theorem, for µ̃-a.e. ỹ ∈ Ir the limit

lim
n→+∞

1
n

n−1∑
k=0

αr(τ−k ỹ) = α−r (ỹ)
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exists, and it is easy to see that α−r > 0 for µ̃-a.e. ỹ ∈ Ir. Hence, for µ̃-a.e. ỹ ∈ Ir,
if z̃ ∈ W̃u(ỹ), there will be some k > 0 such that

du(y−k, z−k) < αr(τ−k ỹ),

which implies that τ−kỹ ∈ Sr and τ−k z̃ ∈ ηIr (τ−k ỹ). On the other hand, it is clear
that Bu|Ir ⊂ B

(
τnηIr

)
(µ̃-mod 0) for all n ≥ 0, and hence Bu|Ir ⊂

⋂+∞
n=0 B

(
τnηIr

)
=

B
(∧+∞

n=0 τ
nηIr
)

(µ̃-mod 0). This proves that ηIr satisfies the requirement (3).
Now notice that the treatment above holds for every element in the union⋃+∞
i=1 U∆i = {U1, U2, · · · }. For each Un we denote by ηn the associated parti-

tion ηr constructed above satisfying (1)–(3), and by In the corresponding Ir. Set
η̂n = ηn|In for n ≥ 1 and define a partition η of Mf by

η(x̃) =


η̂1(x̃), if x̃ ∈ I1;
η̂n(x̃), if x̃ ∈ In\

⋃n−1
k=1 Ik;

{x̃}, if x̃ ∈Mf\
⋃+∞
n=1 In.

Since In ∈ BI ∩ Bu for all n ≥ 1 and µ̃(∆′0\
⋃+∞
n=1 In) = 0, it is easy to see that η

satisfies the requirements (1)–(3).
To finish the proof of the proposition, for each Un, we denote by Sn the associated

Sr as defined in (3.5) for r in the correspondingK0. Let ξn denote the corresponding
partition ξr of Mf , and define a partition ξ of Mf by

ξ(x̃) =


ξ1(x̃), if x̃ ∈ S1;
ξn(x̃), if x̃ ∈ Sn\

⋃n−1
k=1 Sk;

{x̃}, if x̃ ∈Mf\
⋃+∞
n=1 Sn.

Since µ̃(∆′0\
⋃+∞
n=1 Sn) = 0, it is easy to see that ξ is subordinate to Wu-manifolds

of f . Now take η′ = η ∨ ξ; then η′ satisfies the requirement (4).
The proof is completed.

Let η and η′ be as in the proof of Proposition 3.2. Clearly, for µ̃-a.e. x̃ ∈ Mf ,
η′|η(x̃) is (µ̃ηx̃-mod 0) a countable partition. Let η(x̃) =

⋃
iAi, {A1, A2, · · · } ⊂ η′.

We know that for each Ai, there is a C1 embedded submanifold Wi of M such that
π(Ai) ⊂Wi and for µ̃-a.e. ỹ ∈Mf , if ỹ ∈ Ai, then

π|Ai : Ai → π(Ai)

is bijective. Therefore, there is a unique measure λ̃i on Ai such that

λ̃i(B) = λi(π(B))

for every Borel set B ⊂ Ai, where λi is the Lebesgue measure on Wi. Define λ̃ηx̃ as

λ̃ηx̃(K) =
∑
i

λ̃i(K ∩Ai).(3.9)

Proposition 3.3. For every Borel subset B ⊂Mf , the function

PB(x̃) = λ̃ηx̃
(
η(x̃) ∩B

)
is measurable and µ̃-almost everywhere finite.

Proof. Let r ∈ K0 and Sr be defined as in Step 1 of the proof of Proposition 3.2.
From (3.6) it is easy to see that for any Borel subset B ⊂Mf the function PB(ỹ) is
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finite for µ̃-a.e. ỹ ∈ Ŝr. Let n ∈ Z+, and put ξnr =
∨n−1
k=0 τ

kξr and Ŝnr =
⋃n−1
k=0 τ

kSr.
From the definition of Sr it is clear that, if U is an open ball in Mf , the function

PU,n(ỹ) = λ̃ηỹ
(
ξnr (ỹ) ∩ U

)
is measurable on Ŝnr . Then the standard arguments from measure theory ensure
that so is PB,n(ỹ) for any B ∈Mf . Notice that for any Borel subset B ∈Mf

PB,n(ỹ) ≥ PB,n+1(ỹ)

for each ỹ ∈ Ŝnr , and

lim
n→+∞

PB,n(ỹ) = PB(ỹ)

for µ̃-a.e. ỹ ∈ Ŝr. Therefore PB(ỹ) is measurable and finite µ̃-a.e. on Ŝr. Then
by the definition of η, we conclude that PB(ỹ) is measurable and finite µ̃-a.e. on
Mf .

Let η be a partition as in Proposition 3.2. Proposition 3.2 allows us to define a
Borel measure λ̃∗ on Mf by

λ̃∗(K) =
∫
λ̃ηx̃
(
η(x̃) ∩K

)
dµ̃(x̃)(3.10)

for each Borel subset K ⊂ Mf . It is easy to see that λ̃∗ is σ-finite. Furthermore,
by the definition of conditional measures we have

µ̃(K) =
∫
µ̃ηx̃
(
η(x̃) ∩K

)
dµ̃(x̃)(3.11)

for each Borel subset K of Mf , where µ̃ηx̃ is regarded as the conditional measure of
µ̃ on η(x̃). If µ has the SRB property, one easily has

µ̃� λ̃∗.

Define

g =
dµ̃

dλ̃∗
.(3.12)

By a measure-theoretic observation one has the following proposition.

Proposition 3.4. Suppose µ has the SRB property. Let η be a partition as intro-
duced in Proposition 3.2. Then for µ̃-a.e. x̃ one has

g =
dµ̃ηx̃
dλ̃ηx̃

λ̃ηx̃-almost everywhere on η(x̃), where λ̃ηx̃ is given by (3.9).

Proof. Let us first notice that (3.10) can be written equivalently as∫
χKdλ̃

∗ =
∫ [∫

η(x̃)

χK(z̃)dλ̃ηx̃(z̃)

]
dµ̃(x̃)

for any Borel set K ⊂ Mf . Then, using standard methods of measure theory, we
easily obtain ∫

hdλ̃∗ =
∫ [∫

η(x̃)

h(z̃)dλ̃ηx̃(z̃)

]
dµ̃(x̃)(3.13)

for any h ∈ L1(Mf ,B(Mf), λ̃∗).
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Let A ∈ B(η), B ∈ B(Mf) be two arbitrary sets. From (3.10)-(3.13) it follows
that ∫

A∩B
gdλ̃∗ =

∫
A

[∫
η(x̃)∩B

g(z̃)dλ̃ηx̃(z̃)

]
dµ̃(x̃)

=
∫
A∩B

dµ̃ =
∫
A

µ̃ηx̃(η(x̃) ∩B)dµ̃(x̃).

(3.14)

Since Mf is a Borel subset of the Polish space MZ, by [8, Theorem 0.1.3], the
measure space (Mf ,B(Mf), µ̃) is separable. Then by [8, Theorem 0.1.2], B(Mf)
can be generated (µ̃-mod 0) by a countable subalgebra {Bi}i∈N of B(Mf). Fixing
i ∈ N, we apply (3.14) to an arbitrary set A ∈ B(η) and to B = Bi. As A is
arbitrary, (3.14) implies that there exists a measurable subset Zi ⊂ Mf such that
µ̃(Zi) = 1 and for each x̃ ∈ Zi one has∫

η(x̃)∩Bi
g(z̃)dλ̃ηx̃(z̃) = µ̃ηx̃(η(x̃) ∩Bi).

Then, according to [8, Theorem 0.1.1], we know that for µ̃-a.e. x̃ the equality∫
η(x̃)∩B

g(z̃)dλ̃ηx̃(z̃) = µ̃ηx̃(η(x̃) ∩B)

holds for any B ∈ B(Mf), and therefore

g =
dµ̃ηx̃
dλ̃ηx̃

λ̃ηx̃-almost everywhere on η(x̃).

4. Proof of the Sufficiency for the Entropy Formula

Assume that µ has the SRB property. Our purpose in this section is to prove
that the identity (1.7) holds. Due to the Margulis-Ruelle inequality, it suffices to
prove the inequality

hµ(f) ≥
∫ ∑

i

λ(i)(x)+mi(x) dµ(x),

which is equivalent to

hµ̃(τ) ≥
∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃(x̃),(4.1)

because of the identity hµ̃(τ) = hµ(f) and (2) of Proposition 2.1.
Let η be a partition of Mf as introduced in Proposition 3.2. By the general

properties of entropies and (1) of Proposition 3.2, one has

hµ̃(τ) ≥ hµ̃(τ, η) = Hµ̃(τ−1η|η) = −
∫

log µ̃ηx̃
(
(τ−1η)(x̃)

)
dµ̃(x̃).(4.2)

Put I =
⋃+∞
n=1 In (see the proof of Proposition 3.2) and J = Mf\I. Note that the

restrictions of η and τ−1η to J constitute the partition into single points. Hence,
for each x̃ ∈ J ,

log µ̃ηx̃
(
(τ−1η)(x̃)

)
= 0.
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On the other hand, ∫
J

∑
i

λ(i)(x̃)+m(i)(x̃) dµ̃(x̃) = 0.

Therefore, without loss of generality, we may assume that µ̃(I) = 1.
For µ̃-a.e. x̃ ∈Mf we may define

X(x̃) = µ̃ηx̃
(
(τ−1η)(x̃)

)
,

Y (x̃) =
g(x̃)
g(τx̃)

,

Z(x̃) =
∣∣det

(
Tx0f |Eu(x̃)

)∣∣ .
It is easy to see that X , Y and Z are all measurable and µ̃-a.e. finite functions on
Mf . We first make the following claims, whose proofs will be given later.

Claim 4.1 X = Y Z−1, µ̃-a.e.

Claim 4.2 (a) logZ ∈ L1(Mf , µ̃);

(b)
∫

logZ dµ̃ =
∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃(x̃).

Claim 4.3 (a) logY ∈ L1(Mf , µ̃);

(b)
∫

logY dµ̃ = 0.

From these and (4.2) one can immediately obtain (4.1) and complete the proof
of the sufficiency.

Proof of Claim 4.1. First notice that for µ̃-a.e. x̃, (τ−1η)|η(x̃) is (µ̃ηx̃-mod 0) a count-
able partition. Then for µ̃-a.e. x̃, for any ỹ ∈ (τ−1η)(x̃) and a sufficiently small
neighborhood of ỹ, denoted by B, we have

µ̃τ
−1η
x̃ (B) =

1
X(x̃)

µ̃ηx̃
(
(τ−1η)(x̃) ∩B

)
=

1
X(x̃)

∫
(τ−1η)(x̃)∩B

g(z̃) dλ̃ηx̃(z̃);

on the other hand,

µ̃τ
−1η
x̃ (B) = µ̃ητx̃(τB)

=
∫
η(τx̃)∩(τB)

g(z̃) dλ̃ητx̃(z̃)

=
∫

(τ−1η)(x̃)∩B
g(τ z̃)

∣∣det(Tz0f |Eu(z̃))
∣∣ dλ̃ηx̃(z̃).

Since B is arbitrarily chosen, we obtain for µ̃-a.e. x̃
1

X(x̃)
g(ỹ) = g(τ ỹ)

∣∣det(Ty0f |Eu(ỹ))
∣∣

for λ̃ηx̃-a.e. ỹ ∈ (τ−1η)(x̃). This implies that for µ̃-a.e. x̃ one has

X(ỹ) = Y (ỹ)Z(ỹ)−1, µ̃τ
−1η
x̃ -a.e. ỹ ∈ (τ−1η)(x̃),

as X(x̃) = X(ỹ) for each ỹ ∈ (τ−1η)(x̃). Claim 4.1 follows from this.
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Proof of Claim 4.2. By assumption (1.6) and the multiplicative ergodic theorem, it
is clear that logZ ∈ L1(Mf , µ̃) and∫

logZ dµ̃ =
∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃(x̃).

Proof of Claim 4.3. By Claim 4.1,

logX = log Y − logZ ≤ 0, µ̃-a.e.,

which implies

log+ Y ≤ log+ Z, µ̃-a.e.

Hence, by Claim 4.2, log+ Y ∈ L1(Mf , µ̃). Then this claim follows from the sub-
additive ergodic theorem.

Now we have completed the proof of the first part of Theorem 1.1, i.e.. if the
invariant measure µ has the SRB property, the entropy formula (1.7) holds.

5. Necessity for the Entropy Formula

Finally we discuss the remaining part of Theorem 1.1. We indicate that, with
some necessary modifications as worked out in Section 3, the necessity part of our
main theorem can be proved along the same line given in §§3-8 in Chapter VI of
Liu and Qian [8]. In order to reduce the length of the paper, we now only go over
the main ideas. Detailed proof will be given somewhere else.

We first reduce the problem to its ergodic case. Let τ : (Mf , µ̃)→ (Mf , µ̃) be as
introduced above. If µ̃ is not ergodic, then according to Rokhlin [14], there exists a
unique (µ̃-mod 0) measurable partition ζ of Mf fixed under τ (i.e. τ−1C = C for
each C ∈ ζ), such that τ |C : (C, µ̃C)→ (C, µ̃C) is ergodic for µ̃ζ-a.e. C ∈ ζ, where
{µ̃C}C∈ζ is a canonical system of conditional measures of µ̃ associated with ζ and
µ̃ζ is the measure on the factor space M/ζ induced by µ̃.

Assume now that the entropy formula (1.7) holds. Since

hµ̃(τ) =
∫ ∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃C(x̃)dµ̃ζ =
∫
hµ̃C (τ) dµ̃ζ ,

and, by the Margulis-Ruelle inequality,

hµ̃C (τ) ≤
∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃C(x̃)

for each C ∈ ζ, one has

hµ̃C (τ) =
∫ ∑

i

λ(i)(x̃)+m(i)(x̃) dµ̃C(x̃)

for µ̃ζ-a.e. C. On the other hand, Corollary 3.1.1 implies that, if ξ is a partition of
Mf subordinate to Wu-manifolds of f , then ξ refines ζ. Hence, if our main theorem
holds in the ergodic case, the arguments above together with the transitivity of
conditional measures show that our main theorem holds in general. So we may
reduce the theorem to its ergodic case.
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Now assume that τ : (Mf , µ̃) → (Mf , µ̃) is ergodic and λ(i), m(i), 1 ≤ i ≤ s,
are the Lyapunov exponents and their multiplicities. Then, with necessary modifi-
cations as presented in Section 3, techniques in Liu and Qian [8] can be applied to
show that

hµ̃(τ) = Hµ̃(η|τη)(5.1)

if η is a partition of the type given in Proposition 3.2. Consequently, by the entropy
formula,

Hµ̃(η|τη) =
∑
i

(λ(i))+mi.(5.2)

Now put Ju(x̃) =
∣∣det(Tx0f |Eux̃ )

∣∣ for µ̃-a.e. x̃ ∈Mf and define a function by

ρ(ỹ) =
4(x̃, ỹ)
L(x̃)

for ỹ ∈ η(x̃),

where

4(x̃, ỹ) =
+∞∏
k=1

Ju(τ−kx̃)
Ju(τ−k ỹ)

, ∀ỹ ∈ η(x̃),

and

L(x̃) =
∫
η(x̃)

4(x̃, ỹ)dλ̃ηx̃(ỹ)

for µ̃-a.e. x̃. Then it can be shown that (5.2) implies that

dµ̃ηx̃ = ρdλ̃ηx̃ for µ̃-a.e. x̃.

That is,

µ̃ηx̃ � λ̃ηx̃ for µ̃-a.e. x̃.

From this, it is then easy to obtain that

πµ̃η
′

x̃ � λux̃ for µ̃-a.e. x̃,

where η′ is the measurable partition subordinate to Wu-manifolds of (f, µ) as de-
fined in Proposition 3.2. Consequently, we have

πµ̃ξx̃ � λux̃ for µ̃-a.e. x̃,

for any measurable partition ξ subordinate to W y-manifolds of (f, µ), i.e., µ has
the SRB property.
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[9] R. Mañé, A proof of Pesin’s formula, Ergod. Th.& Dynam. Sys., 1 (1981), 95-102. MR
83b:58042
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